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As usual, let Z and Q, respectively, denote the sets of integers and 
rational numbers, and let D = Int(Z) be the ring of integer-valued polyno- 
mials on Z. Thus Int(Z)= {f(X) E Q[X] If(Z) 5 Z}. The study of Int(Z) 
and related rings stems from algebraic number theory, and has its origin in 
consecutive 1919 papers of Ostrowski [9] and Polya [lo] of the same title. 
In particular, Polya showed that Int(Z) is free as an additive abelian group 
and that {f,,(J3)~=, is a basis for Int(Z), where ,f,,(X) = 1 and where, for 
n> 1, 
f,(x)=yJ= 
X(X- 1) . ..(X-n+ 1) 
n! 
More recently, Brizolis [ 1, Th. 21 showed that D is a two-dimensional 
Priifer domain, and using the notation Z(u) to denote the set {f(a) 1 ,f~ I) 
for an ideal Z of D and for a E Z, Brizolis also showed [ 1, Th. S] that 
finitely generated ideals I, J of D are equal if and only Z(a) = J(a) for each 
UE Z; this latter property of D has subsequently been referred to as the 
strong SkoZem property [4], reflecting the fact that Skolem [12] proved 
the result in the case where J= D. (For generalization to the case of Int(E), 
where E is a Dedekind domain with finite residue fields, see [S, 31.) Using 
the strong Skolem property of D, Gilmer and Smith showed in [S, Th. 4.21 
that each finitely generated ideal of D can be generated by two elements. 
Murad ozaydin has pointed out (personal communication) that a com- 
ment in the last sentence preceding the statement of Proposition 2.5 of [S] 
is clearly in error; the comment would imply, for example, that if 
f(X) E Q[X] is such that f(a) E Z for infinitely many integers a, then f~ D, 
whereas f = X/2 provides an obvious counterexample to this assertion. In 
this connection, t)zaydin asked the following question: 
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(*) What subsets S of Z determine integer-valued polynomials on Z, in 
the sense that D contains each polynomial f (X) E Q[X] such that f (S) E Z? 
In this note we provide an answer to question (*) in Theorem 2, and we 
subsequently use Theorem 2 to extend Propositions 2.42.6 of [S]; these 
three propositions are related to the strong Skolem property, and they fall 
generally in the area of asking for conditions under which an element or a 
finitely generated ideal of D is determined by its set of values on a subset 
of Z. To facilitate the statement of results, we say that a subset S of Z is 
prime-power complete if S contains a complete set of residues modulo q for 
each prime power q E Z+. Our first result is an elementary lemma whose 
proof we omit. 
LEMMA 1. Suppose I is an ideal of the ring R and let (r,}, E A be a com- 
plete set of residues of I in R. Zff (X) E R[X] is such that f (r,) E I for each 
c(EA, thenf(R)cZ. 
THEOREM 2. For a subset S of Z, the following conditions are equivalent. 
(1) S determines the set of integer-valued polynomials on Z. 
(2) S is prime-power complete. 
Proof To prove that (1) implies (2), we establish the contrapositive. 
Thus, assume that there exists a prime power q =p’~ Z+ such that S does 
not contain a complete set of residues modulo q, and choose i with 
0 < i,< q - 1 such that no element of S is congruent to i modulo q. 
Let A&X)=X(X-l)...(X-q+l). If n=[q/p]+[q/p*]+ . . . =p’-‘+ 
t-2 p +... +l=(p’-l)/(p-l)=(q-l)/(p-l), where [.I denotes the 
greatest integer function, then it is known [lo, p. 1061 or [2, Lem. l] that 
A,(y) gp”Z for each y E Z, while there exists ye E Z (for example, y, = q, 
where A,(yO)=q! [ll, p. 1431) such that A,(y,,)$p”+‘Z. Let B(X)= 
A,(X- i). Since B(Z)=A,(Z), it follows that B(Z)cp”Z, but B(Z) G 
p”+‘Z. Let C(X)=B(X)/(X-i)=(X-i-1)(X-i-2)..s(X-i-q+l). 
If SES, then p”)B(s)=(s-i)(s-i-l)..-(s-i-q++) and since, by 
assumption, p’ j (s - i), it follows that prier+ ’ divides (s - i - 1) ‘. . (s - i - 
q+ l)=C(s). Hence if f(X)=C(X)/pn-‘+l, then f(X)EQ[X] and 
f(S) E Z. However, f(i) = (- 1)4-1 (q- l)!/pnpl+l, and the highest power 
ofp dividing (q-l)! isp”/q=p”-‘. Consequently, f(i) $ Z and f (X) $ D so 
that (1) also fails for S. 
Conversely, assume that S is prime-power complete and that 
~(X)EQ[X] satisfies f(S)cZ. Write f(X)=g(X)/n, where g(X)EZ[X] 
and n E Z+. We know that g(S) c nZ and we wish to show that g(Z) 5 nZ. 
It suffices to show that g(Z) c qZ for each prime-power divisor q of n, and 
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this statement follows from Lemma 1 since g(S) cqZ and S contains a 
complete set of residues modulo q. This completes the proof of Theorem 2. 
Let T be a colinite subset of Z-that is, Z\T is finite. Proposition 2.4 of 
[S] shows that if F(X),G(X) E D are such that F(a) E G(a)Z for each a E T, 
then F(X) E G(X)D. Using Theorem 2, we show in Theorem 4 and 
Proposition 7 that the prime-power complete sets are precisely the subsets 
T of Z for which this statement is valid. Again the proof of Theorem 4 uses 
a basic lemma. 
LEMMA 3. Suppose ME Q(X) is such that a(S) E Z for an infinite 
subset S of Z. Then a(X) E Q[X]. 
Proof: Write a(X) =f(X)/g(X), where f(X), g(X)E Q[X]. By the 
division algorithm in Q[X], we can write f(X) =g(X) q(X) + r(X), 
where r(X) =0 or deg r(X) <deg g(X). Hence iJ n E Z+ is such that 
nq(X) E Z[X], then na(X) = nq(X) + al(X), where aI(X) = nr(X)/g(X). If T 
is the finite subset of S consisting of those element s E S such that g(s) # 0, 
then a,(T)sZ. Moreover, if tx,(X)~ Q[X], then a(X) is also in Q[X]. 
Hence, without loss of generality we assume that f(X)=0 or 
degf(X) <deg g(X); in this case we show, in fact, that cc(X) =f(X) =O. 
Because S is infinite, there exists a sequence {si} ,“= 1 s S such that 
limi, 3c si is + cc or -co. In either case, lim,, cc AL = 0 sincef(X) = 0 or 
deg f(X) < deg g(X). Because each a(~,) is an integer, it follows that I, 
and hence f(si), is 0 for i sufficiently large. Therefore j(X) = IX(X) = 0 and 
a(X) E Q[X], as we wished to show. 
THEOREM 4. Suppose S is a prime-power complete subset of Z. !f 
F(X), G(X) E D are such that F(s) E G(s)Z for each s E S, then F(X) E 
G(X)D. 
Proof Since the set S is infinite, the conclusion of the theorem is valid 
if G(X) = 0. If G(X) # 0, if a(X) = F(X)/G(X), and if T is the infinite subset 
of S on which G(X) does not vanish, then a(T) c Z, so Lemma 3 implies 
that a(X) E Q[X]. Theorem 2 then implies that a(X)E D, and hence 
F(X) E G(X) D, as asserted. 
Theorem 5 and Corollary 6 represent analogues of Propositions 2.5 and 
2.6 of [S]. Corollary 6 follows immediately from Theorem 5. The proof of 
Theorem 5 is similar to that of Proposition 2.5 (replace the reference to 
Proposition 2.4 by the reference to Theorem 4) and hence is omitted. 
THEOREM 5. Suppose S is a prime-power complete subset of Z. If I is a 
finitely generated ideal of D and f(X) ED is such that f(s) E I(s) for each 
s E S, then f(X) E I. 
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COROLLARY 6. Suppose S is a prime-power complete subset of Z. If I 
and J are finitely generated ideals of D such that Z(s) = J(s) for each s E S, 
then I= J. 
We remark that the conclusion of neither Theorem 5 nor Corollary 6 
is valid, even for S= Z, if the assumption that I is finitely generated is 
omitted. For example, Brizolis [ 1, Example 23 shows that there exist 
(non-finitely generated) maximal ideals A4 of D such that M(n) = Z for 
each n E Z. 
The final result of the paper, Proposition 7, shows that the converse of 
each of the last three results is also valid. 
PROPOSITION 7. Suppose S is a subset of Z that is not prime-power 
complete. 
(1) There exist F(X), G(X) E D such that F(s) E G(s) Z for each s E S, 
but F(X) $ G(X) D. 
(2) There exist f (X) E D and a finitely generated ideal Z of D such that 
f(s) E Z(s) for each SE S, but f(X) $ I. 
(3) There exist finitely generated I, J of D such that Z(s) = J(s) for 
each SES, but IZJ. 
Proof: By Theorem 2, there exists U(X) E Q[X]\D such that cc(S) c Z. 
We write a(X)=g(X)/n, where g(X)EZ[X] and nEZ+. Then in (l), we. 
can take F(X) =g(X) and G(X) =n. In (2), we take f(X) =g(X) and 
I= nD, and in (3), we take I= nD and J= (g(X), n)D. This completes the 
proof of Proposition 7. 
We remark that Theorem 2 extends to the case of a Dedekind domain 
with finite residue fields (see the Appendix). That is, if E is a Dedekind 
domain with quotient field K and with finite residue fields, then a subset S 
of E determines the integer-valued polynomials on E in the sense that 
Int(E) contains each element f(X) E K[X] such that f(S) E E if and only if 
S contains a complete set of residues modulo each power of each maximal 
ideal of E. On the other hand, Theorems 4 and 5 and Corollary 6 do not 
extend to this more general context. For example, if F is a finite field with 
q elements and if E = F[ [ Y]], then the polynomial Xy - X+ 1 E E[X] 
assumes only unit values on elements of E, but is not itself a unit of Int(E). 
APPENDIX 
We include here a proof that Theorem 2 extends to the case of a 
Dedekind domain with finite residue fields. Thus, let E be a Dedekind 
domain with finite residue fields and with quotient field K. Say that a 
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subset S of E determines the integer-valued polynomials on E if Int(E) con- 
tains each polynomial f(X) E K[X] such that f(S) c E, and say that S is 
prime-power complete if S contains a complete set of residues of Pk in E for 
each non-zero proper prime ideal P of E and for each positive integer k. 
THEOREM 8. With notation and hypothesis as above, the jollowing condi- 
tions are equivalent: 
( I ) S determines the integer-valued polynomials on E. 
(2) S is prime-po#ter complete. 
Proqf: (2) Z- (1): Suppose S is prime-power complete and f(X) E 
K[X] is such that f(S) GE. We write f(X)=g(X)/c, where g(X)E E[X] 
and CE E\(O). Then g(S)ccE and we wish to show that g(E)ccE. Let 
cE = Q 1 n . n Q, be a representation of cE as an intersection of ideals Q, 
that are powers of maximal ideals of E. It suffices to show that g(E) c Q, 
for each i, and this follows from the fact that g(S) E Q, and S contains a 
complete set of residues modulo Q,. 
-(2)=- -( 1): Suppose S is not prime-power complete and let 
P E MaxSpec( E), k E Z+ be such that S does not contain a complete set of 
residues of Pk in E. Let { P, }? E A = MaxSpec( E)\ [P), let v be a normed 
valuation associated with E,, and let t E E be such that o(t) = 1 (hence 
t E P\P’). Suppose /(E/P)/ = q and that (uO =O, u,, . . . . tfy , ) is a complete 
set of residues of P in E. We set s0 = u0 = 0 and for II > 0 with q-adic expan- 
sion n = a0 + a, q + . + arqr, let s,, = 24”” + u,, t + + u,,Y. Let h = yx. 
Then ‘s-1” iw,=d is a complete set of residues of Pl‘ in E. Moreover, if 
A(X) =nF:,: (X-s,), then A(X)E E[X] and the following statements (i) 
and (ii) are known: (i) A(E,) s PEP, where m = (h - l)/(q - I), and (ii) 
v(A(tk))=m so that, in particular, A(E,) g tn’+‘Ep. Choose j with 
0 d j d h - 1 such that no element of S is congruent to Lo, modulo Pk. We 
write .4(X) = XB(X). (ii) implies that A(tk) = t”‘u, where u is a unit 
of E,, so B(tk)=tmpk 2~ Let C(X) = B(X- s,). For any .SE S, we have 
A(s-s,)=(s-s,)B(s-s,)=(s-s,)C(s), so mdv(A(s-s,))=v(s-s,)+ 
v(C(s))dk- 1 +v(C(s)), and hence v(C(s))>m-k+ 1. Let t”~k+‘E= 
P”’ ’ + ‘P;’ . PC; be the prime factorization of t”’ k + 1 E in E and choose 
.V E Py’ ... Pf;\P. We show that D(X) = yC(X)it”’ k + ’ E K[.Y] is such that 
D(S) c E but D(E) sZ E. To see that D(E) @ E, we need only observe that 
D( t” + 3,) zz yC(tk + <y,)/f-k + ’ = yB( t”)/f” k + ’ zz y/f” k/tt” -k + ’ zz 
.wlt $ E, > and hence D(tk +s,)$ E. On the other hand, if SE S, then 
D(s) = &‘(s)/t”’ ~’ + ’ E E, since v(C(s)) >, IH - k + 1. Moreover, if c( E A and 
if c’, is a normed valuation associated with Epz, then by choice of j’. 
v,( y/i” k+l) 20 so that v,(D(s))= v,(C(s)) + v,(y/ltmmm/‘ + I) 30 as well. 
Consequently. D(s) belongs to each Epz, and hence D(s)E EPn(nzt., EFa7) 
= E. This completes the proof. 
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